In this investigation, the displacement operator is revisited. We established a connection of the Hermitian version of this operator with the well-known Weyl ordering. Besides, we characterized the quantum properties of a simple displaced harmonic oscillator, as well as of a displaced anisotropic two-dimensional non-Hermitian harmonic oscillator. By constructing the partition functions for both oscillators, we were able to derive several thermodynamic quantities from their energy spectra. The features of these quantities were depicted and analyzed in details.
dedicated to revisit the computation of the eigenstates and of the eigenvalues for the simple displaced harmonic oscillator. Besides, in section IV we study the quantum mechanical features of the displaced anisotropic two-dimensional non-Hermitian harmonic oscillator. Section V is dedicated to the statistical mechanics of both oscillators, where we describe carefully the procedures to derive their partition functions and we plot the thermodynamic quantities. Finally, in section VI we present our conclusions and perspectives.
II. ON THE DISPLACEMENT OPERATOR
This section is focused in a brief review about the definition of the displacement operator, which was introduced by [2] , and discussed in more details in [3] . Let us work with a well localized state around the position x, which can be displaced for a new one characterized by x + a + γ a x. It is relevant to say that despite the displacement of the state, its physical properties are fixed. Moreover, if γ parameter is null, we are talking about an usual translation, on the other hand, the case γ = 0 represents a position dependent displacement.
These previous statements allow one to establish that a displacement operator, here denoted as T γ (a), obeys the following property
when it is applied to a state |x . So, considering two infinitesimal displacements dx ′ , and dx ′′ we directly determine that
unveiling a non-additive kind of displacement.
The behavior presented by (1) is similar to the product involving two q-exponential functions exp q (y) [7] , which is explicitly written as 
Therefore, the displacement operator T γ (a) with γ = 1 − q, can be thought as the generator of the q-exponentials. Such special exponential functions are the essential ingredient of the so-called Tsallis non-extensive thermodynamics [8] , and they can be applied in different physical scenarios, as those investigated in [9] [10] [11] . Furthermore, the inverse displacement operator can be defined as
and we can observe that if there is no translation, or in other works, if we take the limit
the displacement operator becomes an identity matrix. One way to characterize such a displacement consists in the definition
moreover, from Eq. (1) we see that
therefore
up to first-order in γ. By combining the last result with (6), we find that the commutation relation involving the momentum and thex operator is
for this specific algebra. Inspired by this commutation relation, the displacement momentum operatorp γ was defined by [2, 3] , aŝ
andp
respectively. By following the procedures adopted in [3] , it is possible to show thatp γ from (12) is Hermitian. Such a property yields to the unitary of T γ operation, or in another words, T † γ (dx) T γ (dx) = 1. As it is known the standard quantum mechanics presents the so-called problem of the ordering ambiguity in the productxp. A very interesting debate about this subject involving names like Born, Dirac, Jordan, von-Newmann, and Weyl can be found in [4] . Moreover, this ambiguity commonly appears in quantum mechanical systems with mass dependent potentials, as one can see in [12] , as well as, in quantum semiconductor heterostructures [13] .
Guided by the problem of the ordering ambiguity, and inspired by the simplest generalization for the Weyl ordering presented in [4] , we introduce the followingp γ operator
Let us check the proper conditions to find a Hermitian version for this operator. In order to proceed, we compute the inner product
where we use the fact thatᾱ +β = 1. So, integrating the last equation by parts we find
From this last expression, we can observe thatp γ is Hermitian, if ξ is real and ifᾱ =β = 1/2. Moreover, we set the boundary terms equal to zero. Therefore, the previous parameters enable us to rewrite (15) as
proving that in this casep γ is in fact Hermitian. This new representation ofp γ (Eq. (13)), is consistent with (10), as well as, with Eq. (12) . The mentioned values forᾱ, andβ are denominated Weyl order, representing a symmetric ordering betweenx, andp. Therefore, the constant −i γ/2 added inp γ (Eq. (12)), can be viewed as a consequence of the Weyl order, which is also responsible for the Hermitian condition of T γ . There are several physical motivations to use this special order, in particular, we can point its broadly application in the path-integrals formalism to determine the medium point prescription [14, 15] . Furthermore, despite the fact that different values ofᾱ, andβ lead to non-Hermitian displacement operators, we are able to find some physical interesting results, as those pointed by [2] .
III. THE DISPLACED HARMONIC OSCILLATOR
In this section we review some generalities about the displaced simple harmonic oscillator, following the procedures adopted by [2, 3, 16] . We start our investigation establishing that,
with
as the Hermitian displacement momentum operator. Therefore,
is the Hamiltonian operator for momentump γ . Such an operator results in the time-independent Schroedinger equation
where φ(x) is the wave-function. As it is known, the harmonic oscillator is described by the potential
then, by applying the change of variables u = 1 + γ x, we directly determine D γ as
Thus, the previous ingredients results in the following form for (20) :
which can be rewritten as
where
Considering a new change of variables, given by u = z + 1, (25) is represented as
which can be simplified if we use φ(z) → φ/(z + 1), yielding to
The analytical solution of the last equation is given in terms of the associated Laguerre polynomials, and its explicit form is
where n, and κ are
moreover, n must be an integer. The associated Laguerre polynomials are also presented the context of nuclear shell models where the nucleons are subject to an interaction mediated by a harmonic oscillator, see [17] for more details. Besides, in terms of the original variables, Eq. (28) is such that
Following the procedures adopted by [17] in (29), we determine
as the spectrum for the displaced harmonic oscillator, whose form given by the original variables is
The previous spectrum was derived by Costa Filho et al. [16] , where the authors traced a parallel between the Schroedinger equation for the displaced harmonic oscillator, and the Morse potential.
IV. THE DISPLACED ANISOTROPIC HARMONIC OSCILLATOR
In this section we are going to approach a displaced anisotropic two-dimensional non-Hermitian harmonic oscillator. Such a system also breaks the so-called P T symmetry (parity and time reversal). We show below how this nonHermitian oscillator subject to a constraint has real spectrum, despite it breaks the P T symmetry.
Moving further, the potential for the anisotropic harmonic oscillator can be defined as
where λ j , and σ j (j = 1, 2) are real constants, and the P T symmetry breaking terms are λ j r j with r 1 = x , r 2 = y. The correspondent time-independent displaced Schroedinger equation for this potential is
Note that here we are working with two generalized versions for D operator, once our model is non-Hermitian by construction we do not need to restrict ourself to Hermitian displacement momentum operators. Now, let us consider the following change of variables:
yielding to the momentum operators
As a next step, let us work with the change of variables u j =z j + ξ j , with j = 1, 2. After some algebra the resultant differential equation is such that
In order to eliminate the terms z 1 Ψ, as well as, z 2 Ψ we find the constraint
Besides, by defining ξ j = 1 − c j , we yield to the differential equation
where a real spectrum condition can be derived if we eliminate the imaginary terms of the right-hand side. Therefore, the real spectrum condition is such that
Then, our second order differential equation is written as
Let us now make a separation of variables for Ψ(z 1 , z 2 ), which means to represent this wave function as Ψ = φ 1 (z 1 ) φ 2 (z 2 ), besides the definitionĒ =Ē 1 +Ē 2 . Such an approach together with
results in
for
As in the previous section, the solutions for both differential equations are given in terms of the associated Laguerre polynomials, whose explicit forms are
where n j , and κ j are
Consequently, the general solution of this harmonic oscillator is
Analogously with the simple oscillator case, the n j 's must be integers, unveiling the real spectrum
Thus, we were able to find real spectrum for a displaced harmonic oscillator which breaks the P T symmetry.
V. STATISTICAL MECHANICS
As a matter of increase the physical interpretations for the displaced harmonic oscillators, we are going to perform a statistical treatment of these systems. Firstly, let us describe carefully the thermodynamic quantities for the simple displaced harmonic oscillator. The ingredient which is the foundation of any statistical analysis is the partition function, whose form for a canonical ensamble is
where k B is the Boltzmann constant. The main problem in find Z for the displaced oscillator is that its spectrum results in a finite partition function only if γ → 0, see (32). This same issue was studied by Strekalov [6] , when he was investigating numerical and analytical partition functions for Morse oscillators. These oscillators described the rotation and vibrational effects on polyatomic molecules. In his studies, Strekalov chose a proper cut-off for the partition function, based on the calculation of the dissociation energy of the molecules. In order to determine such an energy, we need to establish a maximum energy state for the spectrum, which can be derived from
Then, we are able to determine the maximum allowed state for the displaced oscillator by substituting (32) in (54), such a procedure yields to
Therefore, the dissociation energy for the displaced oscillator is
where E 0 is the ground state energy.
Repeating the steps introduced in [6] , we are going to rewrite the partition function from (53) as
this last equation can be expressed as
Moreover, we can rewrite the series over k in Eq. (58) using the so-called cumulant expansion, introduced by Kubo in [18] . This expansion results in
where the values of µ k up to third-order in β are
FIG. 1:
In the left panel we show the evolutions of the partition functions Z (solid blue curve), and Z 2 (dashed red curve) in respect to temperature. The right panel describes the behavior of the internal energies derived from Z (solid blue curve), and from Z2 (dashed red curve) when the temperature increases.
FIG. 2:
The left upper panel unveils the evolution of the specific heat related with Z (solid blue curve), and Z 2 (dashed red curve) in respect to temperature. In the right panel we can observe the behavior of entropy as function of the temperature for Z (solid blue curve), and for Z2 (dashed red curve).
Then, the approximated version of the partition function is given by
The
to derive the internal energy, the specific heat, and the entropy, respectively. Let us exemplify this approach by choosing = m = ω = 1, and γ = 0.05. Substituting such values in (55) yields to N = 399.5, which means that we are going to work with a total of N = 400 terms in the sum of the partition function. Taking the previous parameters into Eqs. (57), (58), (59), and (62), results in
whose forms are shown in the left panel of Fig. 1 , where we can see that both partitions functions become closer as the temperature increases. The application of both partition functions from (64) in (63) yields to the graphics presented in Figs. 1, and 2. Such figures unveil that the thermodynamic quantities have the same features of two energy level systems, as depicted in the right-hand side of Fig. 1 . The left upper panel from Fig. 2 shows that the specific heat for Z and for Z 2 display broad maximums, which is an anomalous behavior of the specific heat known as Schottky anomaly [19] . This kind of anomaly is typical of systems with a limited number of energy levels [19] .
The features of the entropy, plotted in the lower panel of Fig. 2 , corroborate with the Schottky anomaly observed in the graphics for the specific heat previously mentioned. As one can see, the entropy for both Z and Z 2 increases from zero at an elevated rate, then, after reach the temperature related with the maximums of the specific heats, the entropies still growing but now with a lower rate. Moreover, we also note that the thermodynamic quantities derived from Z and Z 2 are equivalent for higher values of temperature, however some quantities like the energy density, the specific heat, and the entropy are sensible to the cut-off procedure as the temperature falls down.
FIG. 3:
The left panel describes the evolution of the partition functions Z (solid blue curve), Z 1 1 (dashed red curve),and Z 1 1 (dotted black curve) in respect to the temperature. The right panel shows the internal energies as functions of temperature for Z (solid blue curve), Z 1 1 (dashed red curve), and Z 1 1 (dotted black curve). The solid blue and the dotted black curves were depicted with λ1 = λ2 = 0.5, and σ1 = σ2 = 2, besides the dashed red curves were plotted with λ1 = λ2 = 5, and σ1 = σ2 = 1.
An equivalent approach can be performed to the displaced anisotropic harmonic oscillator. Analogously with our previous procedures, the partition function for this oscillator can be derived from
The left upper panel unveils the evolution of the specific heat in respect to the temperature, derived from Z (solid blue curve), Z 1 1 (dashed red curve), and Z 1 1 (dotted black curve). The right panel unveils the entropies from Z (solid blue curve), Z 1 1 (dashed red curve), and Z 1 1 (dotted black curve) as the temperature increases. The solid blue and the dotted black curves were depicted with λ1 = λ2 = 0.5, and σ1 = σ2 = 2, besides the dashed red curves were plotted with λ1 = λ2 = 5, and σ1 = σ2 = 1.
,
as a first-order approximation in β. In order to exemplify the properties of the thermodynamic quantities of this oscillator, let us consider m = 1, = 1, γ 1 = 0.05 γ 2 = 0.05 √ 2, ω 1 = 1, ω 2 = 2, imposing N 1 = N 2 = 399.5. Then, we adopted N 1 = N 2 = 400 as the cut-off for our partition function. By substituting these ingredients into Z (65), and into Z 1 1 (69), we derive the partition functions depicted in the left panel of Fig. 3 . Besides, these partition functions allowed us to derive the quantities exhibited in Figs. 3 e 4 .
There, the solid blue and dotted black curves were plotted with β 1 = β 2 = 0.5, λ 1 = λ 2 = 0.5, σ 1 = σ 2 = 2, and from Z, and Z 1 1 , respectively. Moreover, the dotted red curves were depicted from Z 1 1 with β 1 = β 2 = 0.5, λ 1 = λ 2 = 5, and σ 1 = σ 2 = 1. We can note that the real spectral condition lead us to thermodynamic quantities for this displaced non-hermitian oscillator, which are compatible with the ones shown in Figs. 1 and 2 . Furthermore, the P T symmetry breaking parameters λ j and σ j , allows a fine tunning adjustment for the partition functions as well as for the thermodynamic quantities, despite the specific heat, which stills sensible to the cut-off procedure. Such a fine tunning property is a remarkable tool to adjust the displaced oscillator in the description of experimental data.
VI. FINAL REMARKS
In this study we developed a new route to justify the Hermitian version of the displacement operator introduced in [2, 3] . We shown that the Weyl ordering is crucial in order to derive a Hermitian version of this operator, complementing the work from Mazharimousavi [3] . We also introduced a new type of displaced oscillator which breaks both P T symmetry and hermiticity. The analytical energy spectrum and the waves functions were derived, besides the so-called real spectrum condition. This model shows an interesting example of generalization of the non-Hermitian model introduced by Bender and Boettcher in its seminal paper [5] . Moreover we were able to derive several thermodynamic quantities for a simple displaced harmonic oscillator as well as for the displaced anisotropic two-dimensional non-Hermitian harmonic oscillator. The thermodynamic quantities here found, corroborate with the statistical description of a two-level system. The methodology presented can be implemented in other quantum Hamiltonian operators, such as quantum phases in dipole particles [20] , or in quantum states in electromagnetic fields for rotating space-time [21] . We hope to report on such contributions in near future.
